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Abstract—SPICE (Simulation Program with Integrated Circuit
Emphasis) is a widely used circuit simulation framework for
integrated circuit designs. The basic skeleton of SPICE time
domain simulation was derived from the versions developed in
UC Berkeley during the 1970s. In this paper, we report most
recent numerical integration methods to improve traditional
SPICE time integration schemes, which are based on linear multi-
step and low order approximation for the circuit differential
equation system. Recently, matrix exponential based time domain
simulation algorithms are being developed to address long-term
issues in the standard numerical integration methods. We review
the related techniques in matrix exponential based approaches
and state several distinguished features in challenging simulation
problems, such as linear power network analysis and nonlinear
circuit system simulation (SPICEDiego). We believe that the matrix
exponential approaches can shed new light on the research and
development of future circuit simulation algorithmic systems.

I. INTRODUCTION

This paper reports our most recent results on circuit sim-
ulation through the journey inspired by Prof. Ernest S. Kuh.
Many people have benefited from the classic textbook, Basic
Circuit Theory, coauthored by Prof. Kuh. Our team is not an
exception. CK Cheng’s Ph.D. thesis, which was advised by
Prof. Kuh, utilized circuit optimization techniques for physical
layout [1]. Since 2005, Prof. Kuh and our team at UC San
Diego have collaborated on circuit simulation [2]–[4]. For
example, we used operator splitting [3] and two level Newton-
Raphson method [2], [4] to decompose the circuit into smaller
subcircuits. Later, we explored parallel processing [5]. We
have also exploited symbolic reduction [6] and the Fourier
transform [7] for linear systems. We feel fortunate to have
Prof. Kuh as our advisor and mentor for this simulation
project.

Time-domain/transient simulation is the key component in
SPICE [8]–[12]. In the simulation process, numerical integra-
tion methods usually decide the efficiency and accuracy of the
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Fig. 1: SPICE-like time-domain simulation flow.

simulation results. There has been a large amount of research
to improve circuit simulation [2]–[4], [13]–[17]. However, the
skeleton of numerical time integration methods in SPICE was
designed in the 1970s. Applying these methods to modern
IC designs has been challenging because of the large number
of transistors and interconnects. The flow of SPICE can be
described in a high-level view as follows. The simulation starts
with a DC solution. Then, numerical integration schemes are
used to solve circuit differential algebraic equations until the
end of the time span required by designers (Fig. 1).

For numerical integration, we often resort to linear multi-
step methods, such as Backward Euler, Trapezoidal, and
Gear’s schemes [12]. Implicit methods have much better
stability over their explicit counterparts. For linear multi-step
methods, four points are quite important to keep in mind:
(1) Linear multi-step is formulated according to the model

of Taylor’s expansion of differential equation systems.
(2) For the implicit linear multi-step method, the time step

length h is restricted by accuracy requirements. The local
truncation error is in proportion to the time step hp (p ≥
2), where p is the order of the error term [8], [10]–[12].
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Therefore, the longer the time step takes, the larger the
error.

(3) Implicit formulation contains a linear system, of which
the matrix includes the conductance/resistance matrix G
and the capacitance/inductance matrix C with time step
h. The combination is fixed for each matrix factorization
during the process of solving the linear system. For
the case where C and G are not sparse, the linear
combination of C and G in implicit methods are even
more complicated.

(4) Linear multi-step method is bounded by the Dahlquist
barrier, i.e., the most accurate A-stable approach cannot
exceed an order of 2. Therefore, the linear multi-step
integration method is called the low order approach in
this paper.

High order integration methods using matrix exponential
operators jump beyond the conventional linear multi-step ap-
proaches. The matrix exponential approaches offer a variety of
convergence integration formations that break the limitations
of the Dahlquist stability barrier [10]. In 1978, Moler and
Van Loan [18] classified the matrix exponential solvers into
19 approaches and claimed that the problem remains open. In
1992, Saad [19] was the first to provide theoretical founda-
tion to solve the matrix exponential with a Krylov subspace
approach which was later termed the 20-th way in contrast
to previous 19 dubious ways by Moler and Van Loan [18].
Since then, many related works have been published in this
field of applied mathematics [20]–[22]. Utilizing the high order
approximation property of matrix exponential calculation, we
can take a large time step h and achieve a solution within a
numerical error bound.

Our team has been one of the earliest to adopt matrix
exponential based approaches for circuit simulation. In this
paper, we review recent states of this work [17], [23]–[27], and
compare exponential integration to the numerical integration
schemes used in traditional SPICE. Some of numerical phe-
nomena and interpretation might contradict conventional wis-
dom. This new kind of framework covers a set of algorithmic
methods which can tackle various characteristics such as stiff-
ness, huge circuit sizes, and complicated capacitive/inductive
coupling of post-layout analysis.

In the next section, we start by describing the standard
numerical integration approaches for circuit systems. Section
III will introduce the matrix exponential-based integration
for circuit differential equation system. The fast computation
of matrix exponential is discussed in Section IV. Section V
compares the accuracy among different numerical integration
schemes. We review power network simulation [23], [25] in
Section VI and nonlinear circuit simulation [24] in Section
VII in company with the result highlights to show the matrix
exponential approaches in practical usage and computational
advantages over current standard simulation frameworks. In
Section VIII, we conclude the article with possible future
directions.

II. TIME DOMAIN CIRCUIT SIMULATION & STANDARD
NUMERICAL TIME INTEGRATION

In order to transfer a circuit to a simulation program
(SPICE), one must specify the circuit topology and the element
constitutive equations. The circuit topology represents how
the circuit elements are connected. The element constitutive
equations defines the relations among terminal voltages and
branch currents. Circuit differential equations are enforced by
conservation laws, which are usually referred to as the Kirch-
hoff’s current law (KCL) and voltage law (KVL). The circuit
components, such as linear resistors, capacitors and inductors,
as well as nonlinear devices (MOSFETs), are modeled and
stamped into a matrix system via modified nodal analysis
(MNA) [28]. The fundamental circuit simulation theory starts
from differential equations as follows.

A. Differential Equations

Given a differential equation system

dx

dt
= f(x, t),

we want to compute the approximate solution x(t) on an
internal a ≤ t ≤ b by numerical integration method, i.e., linear
multi-step method.

Linear multi-step (k-step) method: the integration has the form
[12],
k∑
j=0

αjx(ti+j) = h

k∑
j=0

βjf(ti+j , x(ti+j)), αk = 1, i ≥ 0,

where time tj = a+ jh, 0 ≤ j ≤ b−a
h . The method is explicit

when βk = 0, otherwise it is implicit. When k = 1, the
integration is also called a linear one-step method.

B. Circuit Differential Equations

The general formulation of circuit simulation is described
as follows,

dq(x(t))

dt
+ f(x(t)) = Bu(t), (1)

where vector x(t) ∈ Rn×1 denotes nodal voltages and branch
currents and n is the length of vector. Vector q ∈ Rn×1

and function f ∈ Rn×1 represent the charge/flux and cur-
rent/voltage terms, respectively. The derivate dq

dt represents
the energy storage elements, such as capacitors or inductors,
which have time-dependent effects. Vector u(t) represents all
the external excitations at time t; Matrix B is an incident
matrix that inserts those signals to the system. If the element
constitutive equations are linearized, Eq. (1) can be reduced
in matrix form as

C
dx(t)

dt
+Gx(t) = Bu(t), (2)

where matrix C ∈ Rn×n results from capacitive and inductive
elements (capacitance/inductance matrix). Matrix G ∈ Rn×n
is the conductance/resistance matrix. The entries are given by

Ci,j =
∂qi
∂xj

, Gi,j =
∂fi
∂xj

,
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where qi and fi represents i-th equation in the system of q
and f .

C =

[
Q 0
0 H

]
, G =

[
M E
−ET R

]
, x =

[
xv
xi

]
, u =

[
ui
uv

]
,

where Q,M ∈ Rc×c represent capacitance and conductance,
respectively. E is the incident matrix. Vector xv is the voltage
vector; Vector xi represents the branch current; Vector ui is
the current input; Vector uv is the voltage input. Scalar c is
the number of nodes. Therefore, the first c equations represent
the connections of nodes and are enforced by KCL. Matrices
H,R ∈ Rl×l represent inductance and resistance, respectively.
Vector xi is the current vector. Scalar l is the number of
branches. The next l equations are governed by KVL. The
whole system dimension is n = c+ l.

C. Linear Multi-Step Method and Numerical Stability

Starting from a linear differential system Eq. (2), the initial
vector x(t) at time t, we compute the solution x(t+ h) with
time step h.

1) FE: Forward Euler time integration scheme starts with
the approximation

x(t+ h) = x(t) + hẋ(t),

which leads to

C

h
x(t+ h) =

(
C

h
−G

)
x(t) +Bu(t) (3)

in our circuit simulation formulation.
2) BE: Backward Euler time integration scheme starts with

x(t+ h) = x(t) + hẋ(t+ h).

Then, (
C

h
+G

)
x(t+ h) =

C

h
x(t) +Bu(t+ h). (4)

3) TR: Trapezoidal time integration scheme starts with

x(t+ h) = x(t) +
h

2
(ẋ(t) + ẋ(t+ h)) .

We have(
C

h
+
G

2

)
x(t+ h) =

(
C

h
− G

2

)
x(t)

+ B
u(t) + u(t+ h)

2
. (5)

Methods FE, BE and TR all belong to linear multi-step
method, also known as the linear one-step method. A-stable
linear multi-step methods are favored in circuit simulation
to solve time integration problems, since the numerical error
is only caused by local truncation error and would not be
amplified by the instability of numerical integration itself.

Definition II.1 (A-stability). A linear multi-step method is
said to be A-stable if its region of absolute stability includes
the whole left half-plane1.

𝑹𝒆 
𝟏 𝟐 

𝟏 

-𝟏 

𝟎 

𝑰𝒎 

 𝑹𝒆 
−𝟏 𝟎 

−𝟏 

𝟏 

−𝟐 

𝑰𝒎 

𝑹𝒆 

𝑰𝒎 

𝟎 

(a) (b) (c) 

Fig. 2: Stability regions of (a) Forward Euler (FE), (b) Backward
Euler (BE), and (c) Trapezoidal methods in the complex plane. The
shaded regions represent the stable regions of numerical integration.
For stable numerical integration, all eigenvalues of hA must lie in
the shaded region. Therefore, time step h in FE is constraint by
min(|λi|−1). BE and TR are A-stable methods.

The stability regions of FE, BE and TR are shown in Fig.
2. Method FE has a very limited stability region, while BE
covers the largest region in the complex plane. Time step h in
FE is constraint by min(|λi|−1) (λi: an eigenvalue of matrix
A). Electronic circuits have eigenvalue magnitudes spanning
at least several decades, which leads to impractically tiny time
step h for simulation using FE. Circuit systems with a wide
range of eigenvalues are said to be stiff [29]. BE and TR are
all A-stable and served as baseline methods in this paper. We
keep the other linear multi-step schemes out of this paper,
since the numerical integration in SPICE-like tools usually
use linear multi-step methods so that they cannot exceed the
second Dahlquist barrier.

Theorem II.1 (the second Dahlquist barrier). There are no
explicit A-stable and linear multi-step methods. The implicit
ones have order of convergence at most 2. The trapezoidal rule
has the smallest error constant amongst the A-stable linear
multistep methods of order 2 [10][30].

Interested readers can refer to [10]–[12] for more details of
numerical stability in circuit simulation.

D. Nonlinear System and Newton-Raphson Method in the Low
Order Implicit Schemes

For the implicit formulation in traditional circuit simulation,
we need Newton-Raphson iterations to obtain the solution for
Eq. (1). For example, BE is applied to discretize the system
first,

q(x)− q(x(t))
h

+ f(x) = Bu(t+ h). (6)

For a nonlinear system, q(x) and f(x) are nonlinear functions
of vector x. Newton-Raphson method (NR) is often used to
obtain a converged solution x of

F (x) =
q(x)− q(x(t))

h
+ f(x)−Bu(t+ h) = 0. (7)

1Another equivalent way to interpretation of A-stable: The numerical
integration method is A-stable. For the linear system dx/dt = Ax with time
step h, the solution x(t+h) obtained by the numerical integration approaches
0, or x(t+ h)→ 0 when h→∞ and the real parts of all eigenvalues of A
are negative.
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NR method can be derived by examining the first terms in a
Taylor series expansion around a guess solution x

0 = F (x∗) ≈ F (x) + J(x)(x∗ − xi), (8)

where x∗ is the exact solution to Eq. (7). Matrix J(x) is the
n× n Jacobian matrix whose elements are given by

Ji,j(x) =
∂Fi(x)

∂xj
, (9)

where Fi represents the i-th equation in the system of F .
Given x(i) the i-th iteration process to refine the so-

lution. Each NR iteration, direct solver (e.g., LU decom-
position) is applied to solve Eq. (10) until the series of
{x, x(1), · · · , x(i), x(i+1)} are converged, which means the
difference of the solution from i-th iteration x(i) and x(i+1)

is “small enough”.

J(x(i))(x(i+1) − x(i)) = −F (x(i)) (10)

where x(i+1) is the “improved” estimation of x∗. If F (x)
and J(x) are “well-behaved” matrices, NR will converge
quadratically given a good initial guess solution. The errors
generated by NR satisfy the condition

‖x(∗) − x(i+1)‖ ≤ κ‖x(∗) − x(i)‖2,

where κ is proportional to bounds on ‖J(x(i))−1‖ and the
ratio of ‖F (x)− F (z)‖/‖x− z‖ [31].

In practical circuit simulation, two challenges are likely to
encounter. First, matrix solving processes are required because
of implicit scheme, time step h is embedded in J(x) of Eq.
(9). Take the above BE example,

J(x) =
∂F (x)

∂x
=
C(x)

h
+G(x).

If the estimated local truncation error (LTE) [12] violates
numerical error budget, h should be reduced. Then new NR
iterations for x∗ are re-launched with the updated h.

Second, matrix system is hard to solve. A post layout
extraction can expand a netlist 5-10 times larger. Huge volume
of non-zeros of C are introduced to describe the parasitic
effects after extraction [32]–[35], resulting in huge computa-
tional challenges for the capability of numerical integration
algorithms [4] and model order reductions [36], [37]. In
addition, the off-diagonal terms in C and G are usually
mutually exclusive in VLSI circuits, which might bring the
huge number of non-zero fill-ins after matrix factorization
[38].

E. Remarks

• The methods listed in this section are all low order ap-
proximation of the exact solution of differential equation
system. Local truncation error also limits the time step
size in widely used implicit methods.

• Implicit method is preferred in the circuit simulation for
its stability property. We need to solve linear systems as
Eq. (4) and Eq. (5).

• Direct matrix solver is more widely used over iterative
solver because of its robustness. Therefore, matrix de-
composition is required when the linear system changes.

• Due to the large amount and complicated distributions
of non-zeros in C, the post-layout or strong coupled
system sometimes adds huge computational complexity,
which may extend beyond existing hardware and software
capacity.

III. MATRIX EXPONENTIAL BASED CIRCUIT SIMULATION

We follow the analytical solution with matrix exponentials
for circuit simulation by Chua and Lin [10].

A. Circuit System Simulation via Exponential Integrators

We apply the chain rule to Eq. (1),

dq(x(t))

dx
· dx(t)
dt

= Bu(t)− f(x(t)). (11)

Assume C(x(t)) is invertible2.

dx(t)

dt
= g(x(t), u, t) = C−1(x(t))(Bu(t)− f(x(t)))

= Ax(t) + C−1(x(t)) (N(x(t)) +Bu(t)) , (12)

where
f(x(t)) = G(x(t))x(t)−N(x(t))

and N(x(t)) is a nonlinear function of x(t). Matrix A denotes
the Jacobian matrix of g(x(t), u, t) at x(t) [20], [22], [39],

A = −C−1G,

where matrices G and C are short for matrices G(x(t)) and
C(x(t)), which are evaluated at x(t).

We use Exponential Rosenbrock-Euler method [20] to com-
pute x(t+ h) with step size h as follows,

x(t+ h) = x(t) +
ehA − I
A

· g(x(t), u, t)

+
ehA − hA− I

A2
· ∂g
∂t

(x(t), u, t), (13)

If we only consider linear system with piecewise-linear
input u(t) from [t, t+ h] [23], [25], [26]. We have

g(x(t), u, t) = Ax(t) + C−1Bu(t), (14)

and

∂g

∂t
(x(t), u, t) = C−1B

u(t+ h)− u(t)
h

. (15)

Then, the formulation in Eq. (13) is simplified to Eq. (16).

x(t+ h) = −
(
A−1b(t+ h) +A−2 b(t+ h)− b(t)

h

)
+

ehA
(
x(t) +A−1b(t) +A−2 b(t+ h)− b(t)

h

)
, (16)

2The assumption is to simplify the explanation in this section. After Sec.
IV-B, we use invert and rational Krylov subspace methods to compute the
solution of DAE without inversion of C. Therefore, the methods are suitable
for general DAE system, i.e., Eq. (2) without the assumption here.
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where b(t) = C−1Bu(t). Note that Eq. (16) is the exact
solution of the linear dynamical system Eq. (2) under our given
constraints.

To best of our knowledge, all of the numerical integration
methods in SPICE-like simulators are from linear multi-step
scheme, which try to approximate this solution via matrix
exponential operators [10] in a low order way. To discuss the
approximation schemes in last section, we treat u(t) = 0 for
simplicity, and show the source of accuracy loss. We have the
simplified homogeneous system of Eq. (16),

dx

dt
= Ax. (17)

The solution is

x(t+ h) = ehAx(t) =

∞∑
k=0

hkAk

k!
x(t) (18)

= x(t) + hAx(t) +
h2A2

2
x(t)

+
h3A3

3!
x(t) + · · ·+ hkAk

k!
x(t) + · · · .

Method FE formulation

x(t+ h) =

(
C

h

)−1(
C

h
−G

)
x(t) = (I + hA)x(t) (19)

fits the first two terms of Eq. (18). Therefore, the accuracy
order of FE is O(h).

Method BE formulation

x(t+ h) =

(
C

h
+G

)−1
C

h
x(t) = (I − hA)−1x(t) (20)

also matches the first two terms by

(I − hA)−1 =

∞∑
k=0

hkAk. (21)

The accuracy order of BE is also O(h).
Method TR formulation

x(t+ h) =

(
C

h
+
G

2

)−1(
C

h
− G

2

)
x(t)

=

(
I − hA

2

)−1(
I +

hA

2

)
x(t) (22)

fits the first three terms.(
I − hA

2

)−1(
I +

hA

2

)
=

(
I + hA+

h2A2

2
+
h3A3

4
+ · · ·

)
. (23)

The accuracy order of TR is O(h2).
Note that series of Eq. (21) and Eq. (23) only converge

for hA of BE and hA
2 of TR with spectral radius less than

one. Besides, the mismatch terms of Eq. (19), Eq. (20), and
Eq. (22) against Eq. (18) introduce the local truncation error
(LTE) to FE, BE, and TR, respectively, which constrain the
time step with respect to the Taylor’s expansion region.

Fig. 3 shows a test equation ẋ(t) = −x(t) solved by method
exponential integration EXPM x(h) = e−hx(0), analytically,

as well as FE, BE, and TR with different time step h. The
figure illustrates that mismatched results of FE, BE, and TR
compared to EXPM with different time step h. In other words,

h

2 4 6 8 10

x
(t

+
h

)

-1

-0.5

0

0.5

1

1.5
EXPM

FE

BE

TR

Fig. 3: A test equation ẋ(t) = −x(t), where x(0) = 1.5,
h ∈ [0, 10]. Analytical solution is computed by EXPM x(h) =
e−hx(0).

if ehA is used to compute the solution of differential equation
system directly, there is no local truncation error constraint for
the time step choice. However, the question is how matrix-
exponential-vector product (MEVP) can be computed in an
efficient way, since A in ehAx(t) is usually above million,
making the direct computation unfeasible. In addition, Fig.
4 describes a “hump” effect during the computation of eA

[40]. Term Ak/k! of series eA =
∑∞
k=0A

k/k! may increase
before the value can drop after k > max|λ(A)|. Therefore, we
need high order k to converge the series, which makes MEVP
computation even more challenging.

lo
g(
m
ax

(l
o
g

𝜆
𝑘
/𝑘

!
,1
))


 

log 𝑘  

Fig. 4: The “hump” effect mentioned in [40].

IV. MATRIX-EXPONENTIAL-VECTOR PRODUCT (MEVP)
AND KRYLOV SUBSPACE METHODS

One efficient way among different approaches is to compute
MEVP through Krylov subspace method [19], [40]. The com-
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plexity of eAv can be reduced using Krylov subspace method
and still maintained in a high order polynomial approxima-
tion [19]. In this section, we first introduce the background
of Krylov subspace for MEVP. Then, we discuss so-called
standard (Std) [17], invert (Inv) [24] and rational (Rat) Krylov
subspace methods [23], [25], which highly improve the run-
time performance for MEVP in circuit simulation.

Definition IV.1 (Krylov Subspace). Given a matrix A and
a vector v, the Krylov subspace of order m, denoted by
Km(A, v), is defined as the subspace spanned by the vectors
v,Av, · · · , .Am−1v, or

Km(A, v) := span{v,Av, · · · , Am−1v}. (24)

It is convenient to work with an orthonormal basis for
Km := Km(A, v). Let {vi}m−1

i=0 be an orthonormal basis for
Km. Let Vm be the n×m matrix with {vi}m−1

i=0 as its columns.
VmV

>
m is the projection onto Km. Let Hm be the m × m

Hessenberg matrix expressing A as an operator restricted to
Km in the basis {vi}m−1

i=0 , i.e., Hm = V >mAVm. We have v,
Av ∈ Km, then

Av = (VmV
>
m )A(VmV

>
m )v

= Vm(V >mAVm)V >m v = VmHmV
T
mv. (25)

Similarly, for all i ≤ m − 1, Aiv = VmH
i
mV
>
m v, we have

p(A)v = Vmp(Hm)V Tmv, for any polynomial p of degree at
most m− 1 [19].

Lemma IV.1 (Exact Computation with Polynomials. See e.g.,
[19], [41]). Let Vm and Hm be as defined above. For any
polynomial p of degree at most m− 1,

p(A)v = Vmp(Hm)V Tmv. (26)

Thus, Hm can be used to compute matrix function and
vector product p(A)v for any degree m − 1 polynomial p.
This lemma suggests that a candidate for computing f(A)v ap-
proximately is via Vmf(Hm)V >m v. The metric to evaluate the
result is the norm of error, such as ‖f(A)v−Vmf(Hm)V >m v‖
[41]. Define rm−1(x) = f(x)− pm−1(x), where pm−1 is any
degree m− 1 approximation to f(x), and using Lemma IV.1.
Then

f(A)v − Vmf(Hm)V >m = rm−1(A)v − Vmrm−1(Hm)V >m v.

Therefore, the norm of the error vector is at most
(‖rm−1(A)‖ − ‖rm−1(Hm)‖)‖v‖, which is bounded by the
value of rm−1 on the eigenvalues of A and Hm.

Lemma IV.2 (Approximation by Best Polynomial. See e.g.,
[19], [41]). Let Vm and Hm be as defined above. Let f : R→
R be any function such that f(A) and f(Hm) are well-defined.
Then,

‖f(A)v − Vmf(Hm)V >m v‖
≤ min

pm−1∈Σm−1

( max
λ∈Λ(A)

|f(λ)− pm−1(λ)| (27)

+ max
λ∈Λ(Hm)

|f(λ)− pm−1(λ)|).

Hence, Vmf(Hm)V >m v approximates f(A)v as well as the
best degree m− 1 polynomial that uniformly approximates f .
The question that remains is how to compute Hm and Vm for
f(A)v.

A. MEVP Computation via Standard Krylov Subspace Method
(Std)

Arnoldi algorithm (Algorithm 1) is used to construct stan-
dard Krylov subspace Eq. (24) [17], [19].

Algorithm 1: Arnoldi Algorithm

1 v1 = v/‖v‖;
2 for j = 1 : m do
3 w = Avj ;
4 for i = 1 : j do
5 hi,j = w>vi;
6 w = w − hi,jvi;
7 end
8 hj+1,j = ‖w‖;
9 vj+1 = w

hj+1,j
;

10 end

The steps from line 4 to 7 of Algorithm 1 form a modi-
fied Gram-Schmidt process. The process above produces an
orthonormal basis {vi}mi=1 of the Krylov subspace Km. If we
denote the m×m upper Hessenberg matrix Hm consisting of
the hi.j from the algorithm, we have the equation.

AVm = VmHm + hm+1,mvm+1e
>
m, (28)

where Vm is a n × m matrix, and em is the m-th unit
vector with dimension m × 1. Then, MEVP f(A)v = eAv
is computed via

eAv ≈ βVmeHme1. (29)

Besides, since V >m (hA)Vm = hHm and Krylov subspaces
associated with A and hA are identical, we have

ehAv ≈ βVmehHme1. (30)

Note that Eq. (30) distinguishes approximation method from
linear multi-step methods in Section II, which uses non-linear
coefficients generated by eHm . Therefore, the matrix exponen-
tial methods break away from linear multi-step methods and
thus are not limited by the Dahlquist barrier.

The posterior residue-based error term is

‖βhm+1,mvm+1e
>
me

hHme1‖, (31)

where β = ‖v‖ [42] . However, in circuit theory, we actually
need to only consider the residual between Cẋ(t) and −Gx(t),
which is

Cẋ(t) +Gx(t),

instead of ẋ(t) − Ax(t). This leads to the residual (error)
approximation

r(m,h) = ‖βhm+1,mCvm+1e
>
me

hHme1‖. (32)
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For the accuracy of approximation of eAv, large dimension
of Krylov subspace basis is required, which not only increases
the computational complexity but also consumes huge amount
of memory. The reason is that the Hessenberg matrix Hm

and subspace of standard Krylov subspace method tend to ap-
proximate the large magnitude eigenvalues and corresponding
eigenvectors of A [43]. Due to the exponential decay of higher
order terms in Taylor’s expansion, such components are not the
crux of circuit system’s behavior [42], [43]. Dealing with stiff
circuits, therefore, needs to gather more vectors into subspace
basis and increases the size of Hm to fetch more useful
components, which results in both memory overhead and
computational complexity into Krylov subspace generations
during time stepping.

To improve the efficiency, we adopt the idea from spectral
transformation [42], [43] to effectively capture small magni-
tude eigenvalues and corresponding eigenvectors in A, leading
to a fast yet accurate MEVP computation.

B. MEVP Computation via Invert Krylov Subspace Method
(Inv)

Instead of A, we use A−1 as our target matrix to form

Km(A−1, v) := span{v,A−1v, · · · , A−(m−1)v}. (33)

Intuitively, by inverting A, the small magnitude eigenvalues
become the large ones of A−1. The resulting Hm is likely to
capture these eigenvalues first. Based on Arnoldi algorithm,
the invert Krylov subspace has the relation

A−1Vm = VmHm + hm+1,mvm+1e
T
m. (34)

The matrix exponential eAv is calculated as

eAv ≈ βVmehH
−1
m e1. (35)

The residual (error) approximation [25] is

r(m,h) = ‖βhm+1,mGvm+1e
>
mH

−1
m ehH

−1
m e1‖. (36)

C. MEVP Computation via Rational Krylov Subspace Method
(Rat)

The shift-and-invert Krylov subspace basis [43] is designed
to confine the spectrum of A. Then, we generate Krylov
subspace via

Km((I − γA)−1, v) := (37)
span{v, (I − γA)−1v, · · · , (I − γA)−(m−1)v},

where γ is a predefined parameter. With this shift, all the
eigenvalues’ magnitudes are larger than one. Then the invert
limits the magnitudes smaller than one. According to [42],
[43], the shift-and-invert basis for matrix exponential based
transient simulation is not very sensitive to γ, once it is
set to around the order near time steps used in transient
simulation. The similar idea has been applied to simple power
grid simulation with matrix exponential method [23], [25],
[26]. Arnoldi process constructs Vm, Hm with the relationship

(I − γA)−1Vm = VmHm + hm+1,mvm+1e
>
m. (38)

We can project the eA onto the rational Krylov subspace as
follows.

eAhv ≈ βVmeh
I−H−1

m
γ e1. (39)

The residual (error) approximation is derived as

r(m,h) = ‖βhm+1,m
C + γG

γ
vm+1e

>
mH

−1
m eh

I−H−1
m
γ e1‖. (40)

D. Linear Circuit Simulation with Exponential Integration and
Krylov Subspace Method

We organize the algorithm into one skeleton for computation
of Eq. (16). First we convert Eq. (16) to Eq. (41) as below.

x(t+ h) = ehA(x(t) + F (t, h))− P (t, h), (41)

where

F (t, h) = A−1b(t) +A−2 b(t+ h)− b(t)
h

(42)

and

P (t, h) = A−1b(t+ h) +A−2 b(t+ h)− b(t)
h

. (43)

Algorithm 2 is listed with ε being the error budget con-
straint. First, we explain the inputs for different Krylov sub-
space basis choices,

• Std basis: X1 = C, X2 = −G, H = Hm.
• Inv basis: X1 = G, X2 = −C, H = H−1

m .
• Rat basis: X1 = C + γG, X2 = C, H =

I−H−1
m

γ .

Direct matrix solver (LU Decompose) is applied before start-
ing Algorithm 2.

[L, U ] = LU Decompose(X1). (44)

Algorithm 2: Overall Algorithm for Eq. (41)
Input: v, L, U,X2, h, t, ε, where LU = X1

Output: u
1 v1 = v/‖v‖;
2 for j = 1 : m do
3 w = U\(L\(X2vj));
4 for i = 1 : j do
5 hi,j = wT vi;
6 w = w − hi,jvi;
7 end
8 hj+1,j = ‖w‖;
9 vj+1 = w/hj+1,j ;

10 if r(j, h) < ε then
11 m = j;
12 break;
13 end
14 end
15 u = ‖v‖VmehHe1 ;
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E. Regularization-Free MEVP Computation in Circuit Simu-
lation

When dealing with singular C, Std needs the regularization
process [44] to remove the singularity of DAE in Eq.(2).
The reason is that Std needs to factorize C in Algorithm 1.
This brings extra computational overhead. Actually, it is not
necessary if we can obtain the generalized eigenvalues and
corresponding eigenvectors for matrix pencil (−G,C). Based
on [45], we derive Lemma IV.3,

Lemma IV.3. Considering a homogeneous system

Cẋ = −Gx

u and λ are the eigenvector and eigenvalue of matrix pencil
(−G,C), then

x = etλu

is a solution of the system.

Proof. (See e.g. [45])3 If λ and u are an eigenvalue and
eigenvector of a generalized eigenvalue problem

−Gu = λCu.

Then, x = etλu is the solution of Cẋ = −Gx. �

The process of Inv and Rat are regularization-free, because
of no computation and factorization of C−1. Instead, we
factorize G for Inv, and (C + γG) for Rat. Besides, the
invertible Hessenberg matrices contain corresponding impor-
tant generalized eigenvalues/eigenvectors from matrix pencil
(−G,C), and define the behavior of linear dynamic system in
Eq. (2) of interest.

V. NUMERICAL INTEGRATION COMPARISONS

In this section, we test numerical integration methods in
order to illustrate the salient features of matrix exponential-
based approaches.

1) Overview of the RC and RLC Mesh Circuit Benchmarks:

We create an RC mesh circuit with 1600 nodes (40 × 40).
The entries of G are in the interval [0.01, 100]. The diagonal
entries of C are set in the interval [8.5× 10−18, 9.9× 10−16].
The resultant matrix A = −C−1G contains eigenvalues in the
interval [−3.98×1017,−8.49×1010], which is plotted in Fig.
5 (a).

For RLC system, we use the RC mesh circuit in Section
V-A1 and append a grounded inductor L = 2fH to 160 nodes
in the mesh. The spectrum of the circuit is plotted in Fig. 5
(b). We observe the conjugate pairs of complex eigenvalues
due to the unsymmetrical matrix A with inductance.

In Section V-A, we investigate the error distributions with
a single time step using numerical integration methods Std,
Inv, Rat, FE, BE and TR. We set the initial vector x(0) with
a random vector with element in the interval (0, 1), whose
L2-norm is 23.3 and L∞-norm is 0.999.

For Section V-B, we investigate the error distributions
during the whole time span of transient simulation using

3We repeat the proof from [45] with some modifications based on our
formulation

numerical integration methods Std, Inv, Rat, FE, BE and TR.
We use the RC circuit and inject an input PULSE (0 0mA,
100ps 0mA, 110ps 10mA, 300ps 10mA, 310ps, 0mA)4 at an
ungrounded node (3rd row and 5th column). A fixed time step
size h = 1ps is used for all the numerical integration methods.

A. Results of Numerical Integration with a Single Time Step

1) Simulation of RC Interconnect System:
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Fig. 5: The circuit spectrum of −C−1G of (a) RC in Section
V-A1; (b) RLC in Section V-A2.

Fig. 6 shows the error vs. step h in log scale for the methods
of FE, BE, TR and MEVP via (a) rational (Rat), (b) standard
(Std) and invert (Inv) Krylov subspace methods. For Rat, we
set γ = h/2 in Eq. (38). The metric is formulated as

||x(h)− ehAx(0)||∞,

where we use ehAx(0) the exact analytical solution as ref-
erence, and x(h) is the solution computed by numerical
integration methods that starts from x(0) the initial vector.

In Fig. 6(a), for the case h ≤ min(|λi|−1), Taylor expansion
is valid for BE and TR. Thus, the method BE has the error
slope follow the 2nd order term, TR the 3rd order term,
while Rat has the error slope increase with Krylov subspace
dimension m. For the case h ≥ max(|λi|−1), the solution

4PULSE input is written in the SPICE syntax
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Fig. 7: RC circuit’s error distribution of the simulation results
via different linear integrators with the same initial vector
x(0) and different time step h. Exponential integrators use
the Krylov subspace basis dimension (m = 2, 4, 6, 8, and
10) with γ = 10−8 in Rat.

attenuates globally. Thus, Rat error curves drop, but BE and
TR error curves remain flat. For the case that h is between the
two bounds, most curves are flat. However, Rat improves as
the dimension m increases. When m = 2,5 Rat uses the same
subspace as TR but achieves better accuracy. In other words,
it is better off to replace TR with Rat for this circuit6. Note
that we cannot further improve FE, BE and TR since their
theoretical numerical orders have been already fixed. In Fig.
6(a), there are some abnormal curves in the small time step
region is due to the numerical issues, when h is too small, and
the matrix A disappear since (I − h

2A)
−1 → I . Fig. 7 plots

the normal curves for Rat when γ = 10−8.
Fig. 6(b) illustrates the error trends of Std, Inv with BE and

TR. As the dimension m increases, Std error curves shift to
the right and converge at the end on the right side; and Inv
has its curves shift to the left and converge at the left side.
For this circuit, we are interested in the behavior in the nano-
second scale. At this time scale, Inv converges faster than Std
as dimension m increases. This summary of error trend is
listed in Table I.

2) Simulation of RLC Interconnect System:
We investigate the numerical errors of Std, Inv, Rat, FE,

BE and TR using our RLC mesh. Fig. 8 shows the errors in
the similar way as observed in Section V-A1. However, in the
flat region (min(|λi|−1) < h < max(|λi|−1)) the curves drop
down slower as the dimension m increases, comparing with
the curves in Fig. 6.

B. Error Distributions along Transient Simulation Time Span

Fig. 9 shows the simulation results of all the nodes. Fig.
10 plots the distribution of global errors [10] of (a) Std, (b)

5The number m is referred to the line 2 of Algorithm 2
6In order to achieve m = 2, we need two times of matrix solving in

Algorithm 2
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Fig. 8: RLC circuit’s error distribution of the simulation results
via different linear integrators with the same initial vector
x(0) and different time step h. Exponential integrators use
the Krylov subspace basis dimension (m = 2, 4, 6, 8, 10)
with γ = 10−8 in Rat.
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Fig. 9: The reference simulation result of RC circuit with an
input PULSE (0 0mA, 100ps 0mA, 110ps 10mA, 300ps 10mA,
310ps, 0mA) during time span [0, 5× 10−10].

Inv and (c) Rat vs. FE, BE and TR. The error of FE is
extremely large due to the instability and jumps out of this
figure after several steps. In Fig. 10(a), for Std, we need
to increase dimension m to reduce the error even when the
solution saturates toward steady state.

Fig. 10(b)(c) plot the global errors of Inv and Rat, respec-
tively. As m increases, Inv and Rat improve the accuracy in
faster pace than Std shown in Fig. 10(a). Fig. 12, we zoom
into the time around 0.1ns of Fig. 10(b), where input changes
from 0mA to 10mA. Inv has smaller error than BE when
m ≥ 2. (The error reduction of BE and TR in the time interval
[0.11ns, 0.3ns] is due to the solutions decay to the steady state,
when the input become constant after 0.11ns.)

In Fig. 11, we plot the distribution of local errors [10] of
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Fig. 6: RC circuit’s Error distribution of the one-step integration results via different linear integrators with the same initial
vector x(0) and different time step h. (a) Rat vs. FE, BE, and TR; (b) Std and Inv vs. FE, BE, and TR.

TABLE I: Matrix Exponential Based High Order Integrators using Std, Inv, and Rat. vs. Low Order Integrators FE, BE and
TR.

Method h ≤ min(|λi|−1) min(|λi|−1) < h < max(|λi|−1) h ≥ max(|λi|−1)

FE 2nd order Diverge Diverge
BE 2nd order Flat Flat
TR 3rd order Flat (worse than BE) Flat

Std (m = 2) 2nd order Flat Drop
Inv (m = 2) 1st order Flat Drop
Rat (m = 2) 1st order Flat Drop
Std (m > 2) >2nd order Curves shift to the right Drop
Inv (m > 2) 1st order Curves shift to the left Drop
Rat (m > 2) * * Drop

*: The curve of Rat depends on γ. For large γ, the curve is similar to Inv. For small γ, the curve is similar to Std. Otherwise, the shape of curve falls between
Std and Inv. Moreover, for m = 2, the curve dips at h = 2γ. As dimension m increases, the dip point shifts to the right.

(a) Std, (b) Inv, and (c) Rat vs. FE, BE and TR, which has the
same trend with slightly smaller value than the global error in
Fig. 10. The possible reason that Inv and Rat with m = 31
and m = 78 have reverse trend in Fig. 10 and Fig. 11 is due
to the numerical precision.
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Fig. 12: The zoom-in figure around 0.1ns of Fig. 10 (b).

C. Remarks

In this section, we demonstrate the numerical performance
of the matrix exponential based integrators. Krylov methods
for MEVP can alter their orders to improve accuracy, which
is not possible for traditional linear multi-step methods. In
general, in a stiff system, simulation can have time step h
much larger than the feasible range of Taylor’s expansion.
Traditional linear multi-step approach relies on the marching
in time to drive the errors down, while matrix exponential
approach can pull down the error by increasing the dimension
of the Krylov subspace. For transient analysis, the eigenvalues
of small real magnitude are wanted to describe the dynamic
behavior. Therefore, for the Krylov variants, invert (Inv) and
rational (Rat) Krylov methods are good choices. lambda4.fig

More importantly, Matrix exponential based integration
schemes with Krylov subspaces have three distinguished fea-
tures:

(1) For invert and rational Krylov subspace methods, the
larger is time step, the smaller errors we will have. This
phenomenon is consistent with the result of van den Eshof
and Hochbruck in [43].

(2) Invert Krylov subspace method can avoid the factoriza-
tion of matrix C, so that it can solve the post-layout
simulation when the capacitance/inductance matrix C is
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Fig. 10: The global error distributions of the transient simulation using a RC circuit: (a) Std, (b), Inv and (c) Rat vs. FE, BE
and TR.

Time (s) ×10 -10
0.5 1 1.5 2 2.5 3 3.5 4 4.5

Er
ro

r (
V)

10 -15

10 -10

10 -5

10 0

Error of Standard Krylov
FE
BE
TR
Std (m=2)
Std (m=5)
Std (m=13)
Std (m=31)
Std (m=78)

Time (s) ×10 -10
0.5 1 1.5 2 2.5 3 3.5 4 4.5

Er
ro

r (
V)

10 -15

10 -10

10 -5

10 0

Error of Invert Krylov
FE
BE
TR
Inv (m=2)
Inv (m=5)
Inv (m=13)
Inv (m=31)
Inv (m=78)

Time (s) ×10 -10
0.5 1 1.5 2 2.5 3 3.5 4 4.5

Er
ro

r (
V)

10 -15

10 -10

10 -5

10 0

Error of Rational Krylov
FE
BE
TR
Rat (m=2)
Rat (m=5)
Rat (m=13)
Rat (m=31)
Rat (m=78)

(a)	   (b)	   (c)	  

Fig. 11: The local error distributions of the transient simulation using a RC circuit: (a) Std, (b), Inv and (c) Rat vs. FE, BE
and TR.

complicated (relatively denser than pre-layout, or strong
coupled systems), while the complexities by standard
methods may increase dramatically.

(3) The explicit formulation is stable by matrix exponential
operators and Krylov subspace methods. Thus, for nonlin-
ear system, we can skip the procedures needed in implicit
method such as NR iteration.

VI. MATRIX EXPONENTIAL BASED SIMULATION
ALGORITHM USING RATIONAL KRYLOV SUBSPACE BASIS

FOR LARGE-SCALE LINEAR POWER NETWORKS

In this section, we review matrix exponential-based ap-
proach [23], [25], [26] for large-scale linear power deliv-
ery/distribution network (PDN) and compare with the standard
approach. We first review the conventional PDN solver’s
formulation in Section VI-A. Then we discuss the application
of Rat in R-MATEX [23], which uses rational Krylov subspace
method and leverages the critical feature “large time step,
smaller error” (Lemma 3.1 from [43]) in matrix exponential
integration. The further improvement via linear superposition
and distributed computation model (D-Rat) can be also found
in DR-MATEX [23], [25].

A. Brief Review of Conventional PDN Simulation via BE or
TR with Fixed Step Size (FTS)

In conventional PDN circuit simulation kernel, a recent
popular approach choose BE or TR with a fixed time step
(FTS) [46]–[50]. Take the method TR with fixed step size
(TR-FTS) for example,

LUx(t+ h) = (
C

h
− G

2
)x(t) +B

u(t+ h) + u(t)

2
, (45)

where
LU =

C

h
+
G

2
.

This formulation reuses LU matrix factorization, which is the
most expensive step in the whole simulation.

The methods BE and TR with fixed time step (FTS) h were
adopted by the top PG solvers in 2012 TAU PG simulation
contest [47]–[50]. However, if only one h is used along the
whole simulation, the choice is bounded by the minimum
distance between breakpoints [51] among all the input sources.
In Fig. 13 (a), the alignment of the two inputs makes 10ps as
the upper limit for time step h. When the alignments of inputs
shift by 5ps as shown in Fig. 13 (b), the resulting upper limit
for h is 5ps for those fixed step size based approaches. If h is
larger than the limit, it is impossible to guarantee the accuracy
since we may skip pivot points of the inputs.
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Fig. 13: Example: interleaves two input sources to create
smaller transition time. (a) Before interleaving, the input
sources have smallest transition time hupper = 10ps; (b) After
interleaving, the input sources have the smallest transition time
hupper = 5ps.

In summary, there are major issues in the conventional
PDN solver: (1) Step size is fixed to avoid multiple matrix
factorizations, which constraints the time step choice. (2) The
relatively small time step is used in the low order numerical
integration scheme, due to the requirement of accuracy. (3) In
recent development [52], a set of step sizes is used to adjust
according to LTE prediction. The approach accelerate runtime
at the expense of pre-computed matrix factorizations for the
set of h.

B. Matrix Exponential Based PDN Solver with Rational
Krylov Subspace Basis

Rational Krylov subspace method can use larger time step
and still achieve smaller error (Lemma 3.1 in [43]). This prop-
erty leads us to utilize large stepping and parallel computation
for PDN simulation without accuracy compromise [23], [25].

Lemma VI.1. (Lemma 3.1 in [43]) Let µ be such that A−µI
is positive semidefinite. Then

‖Vmf(Hm)e1 − e−hAv‖ ≤ 2e−hµEm−1
m−1(γ̃)

with γ̃ = γ
h(1+γµ) . The term Em−1

m−1(γ̃) is defined in [43].

Lemma VI.1 informs a trend that the error bound reduces
due to the term e−hµ, when time step h becomes large enough
after a certain scale (e.g., max(|λi|−1) in Fig. 7). Therefore,
we can use a large step size and obtain accurate enough
solution. With the capability of large time stepping, we can
choose any time point t+h ∈ [t, ts] (ts is the next input break
point) when the matrices and vectors of system stay constant
and share the same Krylov subspace at time point t. Based on
Eq. (39), there is no matrix factorization when h ≤ ts. Since
the model of PDN is a linear dynamic system, we can reuse
Krylov subspace as long as there are no input breakpoints

encountered. The computation formulation based on Eq. (16)
and Krylov subspace is

x(t+ h) = ‖v‖VmehHme1 − P (t, h). (46)

where P (t, h) is same as the one in Eq. (43). Furthermore,
if we fix the value of γ, we can reuse the matrices by
one factorization process as TR-FTS for the whole transient
simulation, and also utilize adaptive stepping via rational
Krylov subspace. We sketch the process in Algorithm 3 (Rat).

Algorithm 3: Rat Circuit Solver
Input: C,G,B, u(t), τ, ε, γ error tolerance Etol, and

simulation time T
Output: x from [0, T ]

1 Set X1 = C + γG, X2 = C;
2 t = 0;
3 x(t) =DC analysis;
4 [L,U ] = LU Decompose(X1);
5 while t < T do
6 Compute maximum allowed step size h;
7 Update P (t, h) in Eq. (43), and F (t, h) in Eq. (43);
8 v = x(t) + F (t, h);
9 Obtain u by Algorithm 2 with inputs [v, L, U,X2, h, t, ε];

10 x(t+ h) = u− P (t, h);
11 t = t+ h;
12 end

C. Highlight of the Results in [23]

In [23], we used IBM power grid benchmark suits to test
our Rat and D-Rat with TR-FTS. The sizes of test cases ranges
from 54K up to 3.2M. The simulation time span is [0ns, 10ns].
TR-FTS uses fixed step size in 10ps. Moreover, we changed
the IBM power grid benchmark to make the smallest distance
among breakpoints 1ps by interleaving input sources’ break-
points (similar as Fig. 13), so that the modified cases can
only use 1ps as the fixed time step in TR-FTS. However,
our matrix exponential based approaches are not limited by
the time constraint, thanks to the capability of adaptive time
stepping with high accuracy. Rat uses single thread and also
obtains up to 14.4× speedup over TR-FTS. D-Rat gains up
to 98.0× speedup for the transient simulation computing. The
accuracy is measured by the average difference compared to
provided solution, which is only 1.2× 10−6V in [23].

VII. SPICEDIEGO : MATRIX EXPONENTIAL BASED
SIMULATION ALGORITHM FOR LARGE-SCALE NONLINEAR

SYSTEMS

We develop SPICEDiego, which is a MATLAB package for
circuit simulation algorithm research at University of Califor-
nia, San Diego. Currently, SPICEDiego uses matrix exponential
approach with invert Krylov subspace method for nonlinear
circuit systems.

A. Overview

For nonlinear system simulation, we start from Eq. (13).
The advantage of this formulation is the explicit nature and
the superior stable region (in the entire complex plane) than
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Fig. 14: Visualization of post-extraction matrices’ non-zero elements distributions from a design FreeCPU [32], the sizes of
matrix are 11417× 11417, which are obtained from SPEF extracted by industrial tool Synopsys Star-RCXT. nnz is the number
of non-zeros in the matrix. (a) Extracted capacitance matrix C (non-zero entries distribute widely in the matrix). (b) Extracted
conductance matrix G (there are many off-diagonal non-zeros in the matrix, but the bandwidth is much smaller than C). (c)
Lower triangular matrix LC and (d) Upper triangular matrix UC of LU decompose(C); (e) Lower triangular matrix LG and
(f) Upper triangular matrix UG of LU decompose(G); (g) Lower triangular matrix LC

h +G and (h) Upper triangular matrix
UC
h +G of LU decompose(Ch +G). The function of LU decompose uses MATLAB2013a UMFPACK. LG and UG contain

much smaller nnz than LC , UC , LC
h +G and UC

h +G. [24]

the class of low order integrations schemes, which permits a
large value for the step size h with guaranteed stability [20],
[22], [39]. By Eq. (12), we have

dx(t)

dt
= g(x(t), u, t) (47)

= Ax(t) + C−1(x(t))(N(x(t) +Bu(t)),

where vector N(x(t)) is updated by nonlinear device models,
e.g., BSIM3. Assume vector u(t) is a piecewise-linear function
for [t, t+ h] in VLSI designs,

∂g

∂t
(x(t), u, t) = C−1(x(t))B

u(t+ h)− u(t)
h

. (48)

Then, we have all the terms for proposed exponential
Rosenbrock-Euler formulation

x(t+ h) = x(t) +
ehA − I
A

· g(x(t), u, t)

+
ehA − hA− I

A2
· ∂g
∂t

(x(t), u, t) (49)

to compute the solution x(t+ h).

B. Invert Krylov Subspace Method for The Post-Layout Sim-
ulation

We adopt invert Krylov subspace method from Section IV-B
to avoid the matrix factorization of matrix C. When deal-
ing with unbound eigenvalue system, invert Krylov subspace
method is the second on convergent rate and the length of
step size h after rational Krylov subspace method. However,
its basis generation can be cheaper for general nonlinear circuit
simulation problems. Besides, the properties fit well with
nonlinear dynamical systems where the step size is limited
by the nonlinearity of devices.

We use a design FreeCPU [32] as an example to show post-
extraction matrices7 (Fig. 14). The sizes of all matrices are
11417× 11417. The number nnz represents the total number
of non-zeros in the matrix. Fig. 14 (a) shows non-zero entries
distribute widely in the matrix extracted capacitance matrix C,

7Parasitics are extracted by industrial tool Synopsys Star-RCXT.

which has the number nnz = 62, 815. Fig. 14 (b) illustrates
the extracted conductance matrix G. The number nnz of non-
zero terms is 34, 388. We use LU8 to factorize C, and obtain
Fig. 14 (c), which is the lower triangular matrix LC and (d) the
upper triangular matrix UC . The number nnz are 281, 233 and
281, 171, respectively. Fig. 14 (e) shows the matrix LG and (f)
the matrix UG of LU decompose(G). The number nnz are
23, 049 and 20, 711, respectively. Fig. 14 (g) plots the matrix
LC/h+G and (h) matrix UC/h+G of LU decompose(C/h +
G). The number nnz are 521, 380 and 521, 379, respectively.

For those extracted matrices, we observe that the con-
ductance/resistance G contains less number of nnz than the
capacitance/inductance matrix C. Another important point is
the distribution of non-zeros. We notice the bandwidth of G
is much smaller than that of C based on the plot of the
two matrices in Fig. 14 (a) and (b). The number of nnz
and distribution pattern all play important roles in matrix
factorization algorithms [38].

For the factorized matrices from Fig. 14 (c) to 14 (h), we
can observe the effects of distribution and number of nnz in
matrices of Fig. 14 (a) and (b). Factorized LG and UG from
the matrix G contains less than 10% nnz of LC/h+G, LC
and UC/h+G, UC . The larger number of nnz will increase the
runtime of matrix solving [38].

In [24], we proposed methods ER and ER-C in [24]9.
Since our methods only need to factorize G and avoid the
factorization of C, when we simulate post-layout cases, we
have better runtime performance than the traditional approach.
The speedup is up to 41×. More importantly, ER and ER-C
finishes all the cases in [24], including some strongly coupled
capacitive systems, of which (C/h+G) cannot be factorized in
the direct solver within BENR, under the same given software
packages and hardware resources.
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Fig. 15: In [24], accuracy comparisons of transient simulation
solutions obtained by BENR, ER and ER-C. REF is the
reference solution obtained from BENR with step size 10−14s.
BENR and ER use step size 10−13s. ER-C uses 2X step size
as BENR and ER still maintain better accuracy

C. Stable Explicit Numerical Integration Method with High-
Order Accuracy

To illustrate the accurate waveform and stable property of
our proposed explicit formulation by ER and ERC, in [24]
we also used a stiff nonlinear circuit containing a inverter
chain. We extracted waveforms from one observed node of
that circuit to compare the accuracy of BENR, ER and ER-C.
Fig. 15 compares the solutions of ER-C (using h = 0.2ps),
ER (using h = 0.1ps) and BE (using h = 0.1ps) to the
reference solution (REF) obtained by BENR with smaller step
size (0.01ps). ER (h = 0.1ps) and ER-C (h = 0.2ps) provide
more accurate results than BENR (h = 0.1ps). The largest
error from the zoom-in figure of Fig. 15 is 1.5mV in BENR,
while ER and ER-C are smaller than 0.5mV and 0.25mV ,
respectively. Note that our ER and ER-C methods contain no
Newton-Raphson iteration, because they treat the nonlinearity
of dynamical system in a fully explicit way[53]. More details
can be found in the paper [24].

VIII. CONCLUSION AND FUTURE DIRECTIONS

In this paper, we summarize the theoretical techniques
of matrix exponential computation and the applications to
circuit simulation. The distinguished features are discussed as
follows:

• For invert and rational Krylov subspace methods, larger
time steps correspond to the smaller errors, which is con-
sistent with the result of van den Eshof and Hochbruck
in [43].

• The invert Krylov subspace method can avoid the factor-
ization of complicated capacitance/inductance matrix C

8MATLAB2013a UMFPACK
9ER: Exponential Rosenbrock-Euler formulation with invert Krylov sub-

space method; ER-C: ER with correction terms

efficiently. This approach can solve the post-layout sim-
ulation where time and memory complexities of standard
methods may increase dramatically.

• The stability of explicit formulation is maintained by the
matrix exponential operators and Krylov methods.

Further investigations are needed to fully exploit the poten-
tial of matrix exponential methods.
• The rigorous proof of the trend and optimal choice of γ

vs. step size h remain open.
• Parallel processing of nonlinear systems as well as load

balancing and computational minimization are needed.
• For simulation applications, we need to identify the best

combination of methods based on the property of the
given circuit.

• Matrix exponential based approach can be also applied
to tightly coupled calculation, multi-scale, and multi-
physical simulation problems.
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